Math 160A Solutions to Practice Midterm 1 October 16, 2019

Name:

Pid:

1. (10 points) Show that 12 +22+32+ ... 4 n? = w for all integers n > 1.

Solution: We prove the statement using induction by n. The base case for n = 1 is true since
12 =1 and 2HHEHD —

Now we need to prove the induction step from n to n + 1. Assume that 12 +22 432 4 ... 4+ n? =
nlnt@ntl) By the hypothesis, 12 + 22 + 32 + - - +n? + (n + 1)2 = 20HU@HED 4 () 1 1)2 Note

6
that
n(n+1)6(2n+1) b (n+1)? = n(n+1)(2n+1)6—|— 6n2 +12n+6 _
nd+2n24+n24+n+6n2+12n+6 _n3+9n2+13n+6_
6 B 6 N

(n+1)(n+2)(2n + 3)
G :

Hence, the induction step is true and by the induction principle, 12422 4+324-..4+n? = w

for all positive integers n.
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2. (10 points) Let ag = 2, a; = 5, and a,, = 5a,—1 — 6a,_o for all integers n > 2. Show that a,, = 3" +2"
for all integers n > 0.

Solution: We prove the statement using induction by n for n > 0. The base cases for n = 0 and
n=1aretruesince 3°+2°=14+1=2=gpand 3' +2' =3+2=5=a,.

Let us now prove the induction step from n and n — 1 to n + 1. Assume that a,_; = 3"~ 1 + 271
and a, = 3" + 2". Note that a,+1 = ba, — 6a,_1; hence, by the induction hypothesis, a,+1 =
53" +2") —6(3" L4277 1) = (5.3-6)3"" 1 +(5-2-6)2" "1 =9.37"1 y 4.7~ = 3gntl 4 ontl
As a result, the induction step is true and by the induction principle, a,, = 3™ + 2™ for all integers
n > 0. (Note that we proved a stronger statement than it was asked in the problem.)
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3. (10 points) Let n be a positive integer and Ay, ..., A, be some sets. Let us define union of these sets
as follows:
L. NI_ A; = A,

2. N A = (N, A) N Agys.

Show that N {z € N : i <z <n}={n}.

Solution: We prove using induction by m that "% {z e N : i<z <n}={m,m+1,...,n}.

The base case is for m = 1 is true since

N {reN :i<z<n}=[n]={1,2,...,n}

Let us now prove the induction step from m to m + 1. Assume that N?;{z € N : i <z <n} =
{m,m+1,...,n}. Note that

NzeNi<a<n}= (Nt {zeN:i<z<nh)n{zeN: m+1<z<n}
Therefore
Ntz eN s i<z<n}y={mm+1,....n}n{m+1,...,n}={m+1,...,n}.

Hence, by the induction principle, the statement is true for all m. As a result, we proved for m =n
that N {z € N : i <z <n}={n}.
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4. (10 points) Let U be the set of sequences of the following symbols: “+7, “”  “x” ..., “x,”. Let
B ={x; : i €[n]};ie., B is the set of sequences consisting of only one symbol z;. Let F = {f, f.},
where fy(Fy, Fy) = (Fy + Fy) and f.(F1, Fy) = (Fy - F») (by (F1#F») we denote the sequence obtained
by concatenating “(”, Fy, “#”, Fy, and “)”). Let S be the set generated by F from B.

For s:[n] — {0,1} and F € S, we define the function val(F, s) using structural recursion as follows.
1. val(z;, s) = s(i),
2. val((F1 + Fy),s) = val(Fy, s) + val(Fa, s),
3. val((Fy - Fy), s) = val(Fy, s) - val(Fy, s).
Let Fi,...,F, € S. Let us define the sum of these formulas as follows:
LY Fj,
2. 2”’“ F, = f+(zf+’“ Y Ey, Fyyp) for k> 1.

Show that val(>; | @i, s) = val(> i, Tn_it1,s) for any s.

Solution: Before we start working with the arithmetic formulas, let us prove several statements for
real number. Let aq, ..., a, be some real numbers. We show that sz';? a; = am + Z;::-H a;
for n > 1 using induction by n. The base case is true for n = 1 since ZmH
+1
am + Z;n m+1
m—+n m+n

Let us now prove the induction step from n to n + 1. Assume that Y ;"7 " a; = ap + > ;200 a
Note that by the induction hypothesis,

i—am+am+1:

m+n—+1 m-+n m—+n m+n+1
E § a; + am+n+1 = Qm + E a; + am+n+1 = am + §
i=m i=m-+1 1=m-+1

Using this statement we may show that >\ a; = 1" . an_sp1 for m > 1 using induction by

m. The base case is true since ZLI a; = a; = Z?:n Gn—it1- To prove the induction step from m
to m +1; assume » " a; = ;" . an_i11. Note that the hypothesis implies that

m+1 m n n
Z a; = Zai +am41 = Z On—i+1 T Qm+1 = Z Ap—it1-
i=1 i=1 i=n—m+1 i=n—m
Therefore by the induction hypothesis, 2211 a; = ZLTFmH Gp—it1 for m > 1. If we consider
m=mn, weget > o a = Aniti-
Let us now explain how to get this statement for arithmetic formulas. Let Fy, ..., Fj, be
some arithmetic formulas. Then we may show that val(> !, F;,s) = Y-, val(F},s) for all s.
Fix some s; we prove this statement also using induction. The base case for m = 1 is true

since 23:1 F, = F; and Zi:l val(F;,s) = val(F1,s). To prove the induction step from m to
m + 1; assume val(37" | Fy,s) = S val(Fy, s). Note that SV Fy = £ (X", Fi, Fpuy1), and
val(f+ (O Fyy Frns), s) = val(3on | Fy, s) + val(Fp41, ). Hence,

m+1 m m—+1

val( Z F;, s) = val( ZF“ s)+val(Fp41, s Zval(Fi, s)+val(F41,$) = Z val(F;, s).

i=1 =1 =1 i=1

Using all these statement, we may notice that

Val(z Xy 8) = Zval(:vi, s) = Zval(xn_“_l, s) = val(z Tp—it1,$)
i=1 i=1 i=1 i=1




